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Bar Model Method & Secondary Maths
Lesson 3: Algebra with Bar Models 1
Australian Curriculum: Mathematics (Years 7 & 8)	
ACMNA175: Introduce the concept of variables as a way of representing numbers using letters.
ACMNA177: Extend and apply the laws and properties of arithmetic to algebraic terms and expressions. 
ACMNA179: Solve simple linear equations. 
ACMNA194: Solve linear equations using algebraic and graphical techniques. Verify solutions by substitution.
Lesson abstract 
In this lesson, students learn to use the bar model method to assist in forming and solving simple linear algebraic equations from word problems. This is done through whole class examples and individual or group practice. Students label unknown quantities using algebra, then set up equations, then solve them, with the bar model as a supporting visual representation.
Mathematical purpose (for students)
Bar models can be helpful when forming and solving algebraic equations from worded problems.
Mathematical purpose (for teachers)
This lesson is the first of two lessons on using bar models as a scaffold for solving worded problems algebraically. All the problems are multi-step word problems that have a comparison bar model structure. Students set up bar models, label unknown quantities algebraically, and form expressions and equations to represent the given information. They supported in solving the equations by the bar models, because the algebraic moves can be interpreted in terms of the bar models. This approach can be used to introduce the labelling of quantities, or collecting like terms, or setting up equations or solving simple linear equations. However, the lesson needs modification to suit students without a prior understanding of labelling unknowns and solving simple algebraic equations. 

	Lesson Length
	60 minutes approximately

	Vocabulary Encountered
· bar model
· comparison model

	Lesson Materials
· Slide show ST4_Secondary_3a_Algebra.pptx
· Student Sheet 1 - Bar Model Examples 3A (1 per student)
· Student Sheet 2 - Bar Model Examples 3B (1 per student)
· Students’ calculators as desired
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	THE BAR MODEL METHOD 




	We value your feedback after these lessons via <https://www.surveymonkey.com/r/G6VGPZ8>
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Background to the Lesson
This lesson is suitable for students who have some familiarity with using bar models to assist with mathematical problem solving. If this is not the case, start with Lesson X: Preparation for Bar Models in this unit. Further information on the different types of bar models can be found in the Bar Model Method Teacher’s Guide. This lesson only uses comparison bar models. 
Polya’s problem-solving methodology of ‘Understand, Plan, Do, Check’ is used to provide students with a structured framework to apply when solving problems. For further information, please refer to the reSolve Bar Model Method Teacher’s Guide.
With small variations, this lesson can be used to introduce, strengthen or revise labelling of unknown quantities with variables and expressions, collecting like terms, setting up equations, and solving simple linear equations. However, in this lesson plan some familiarity with introductory algebra techniques is assumed (e.g. algebraic notation, collecting like terms, multiplying terms by a number, substitution). The intention is that the bar models can be used to support understanding of all the steps involved in solving a worded problem.
The lesson plan suggests two whole class examples, followed by increasingly independent practice. Whole class examples (Student Sheet 1 - Bar Model Examples 3A) and further practice tasks for students (Student Sheet 2 - Bar Model Examples 3B) are provided. Solutions to the Tasks can be found in Teacher Sheet - Bar Model Solutions 3B. The slide show (ST4_Secondary_3a_Algebra.pptx) provides solutions to the whole class examples, and two of the practice tasks. Teachers should choose the balance between whole class work and independent practice depending on the students’ prior experience with algebra and with the bar model method.
Whole Class Examples
[bookmark: _Hlk511304872]Examples 1 and 2 are contained in the slide show ST4_Secondary_3a_Algebra.pptx, which can be used during initial instruction and class discussion. Hand out Student Sheet 1 - Bar Model Examples 3A. Students should write the solutions to these examples, for future reference.
Example 1
	Jane had $b. Sally had $30 less than Jane.  
How much did Sally have in terms of b?
If the two girls had a total of $70, how much money did Jane have?




Sample Solution
[image: ]This problem requires the use of a comparison model.
(a) Sally had $(b – 30)


(b) Calculating Jane’s amount
Use the bar model to help build the following equation: 

b + (b – 30) = 70

Now solve, using existing algebraic techniques:
2b = 70 + 30 
2b = 100
b = 100 ÷ 2 
b = 50
Jane had $50.                  (Interpret these steps with the bar model.) 

[bookmark: _Hlk511305395]Discussion organised by Polya’s four stages
Walk through the example via the slideshow using the following discussion points as you progress. 

Understand

· Encourage students to analyse the quantities given in the word problem.
· How much money does Jane have? (ANS: $b)
· Compare the amounts Jane and Sally have (ANS: Sally has $30 less than Jane)
· How much is there in total? (ANS: $70)
· What do you have to find? (ANS: The amount of money Jane had)
Plan
· Discuss how the quantities are related and how they can be represented using bar models. Some prompts might include:
· How do we represent b in the bar model? (ANS: It is the length of the bar representing Jane’s money)
· Who has more money? (ANS: Jane; Sally has $30 less than Jane)
· Get students to suggest the type of bar model that can represent the information well. 
· What kind of model should we draw? (ANS: Comparison model, to compare the amounts of money that each of Jane and Sally have)
· Teach the students to appreciate the use of letters to label quantities in the bar model.
Do
· [bookmark: _Hlk511306705]Depending upon the confidence of students, work as a whole group or allow the students some time first to work on their solutions independently.
· Draw the bars and label them to show the differences between the amounts of money Sally and Jane have. 
· Other points to highlight to students, when drawing the model include:
· It is important when drawing the bar models, to highlight the common amounts in each bar – in this case, the amount of money Sally has. (Jane has $30 more than Sally). Pictorially, a vertical line can be drawn to emphasise this, as noticing the difference between the two bars is key to finding the solution.
· [bookmark: _Hlk511218586]The lengths of the bars represent the sizes of the quantities in the problem, but bars do not need to be drawn exactly in proportion.
· Sometimes you need more than one bar to solve a problem – as is the case in this example.
· There is no ‘exactly right’ way of drawing bars – the aim is to draw a model that helps you to solve the problem.
· [image: ][image: ]Initially, solve the problem using the bar model as an enabler, without using formal algebra, the work through the formal algebra steps, linking back to the bar model solution.


Check

[bookmark: _Hlk511287807]Check if your answer is correct, by substituting the answers back into the model to see if it holds true.

Example 2
	A shirt cost $ x.  A bag cost 3 times as much as the shirt.  A blouse cost $17 less than the bag. Mary bought a shirt, a bag and a blouse.  
(a) Express total cost in terms of x .
(b) The total cost of a shirt, a bag and a blouse is $200.  What was the cost of a shirt?


Sample Solution
The comparison model is used for this problem, because comparisons between the three costs are given. 
(a) Total cost in terms of x
[image: ]
1 Shirt = $ x
 1 Bag = $3x  
1 Blouse = $(3x – 17)
Total cost = x + (3x) + (3x – 17) = 7x – 17   
The total cost was $(7x – 17)

(b) Cost of a shirt, bag and blouse

x + 3x + 3x – 17 = 200
              7x – 17 = 200
                     7x = 200 + 17
                     7x = 217
                       x = 217÷ 7 
                       x = 31
The cost of a shirt was $31
Discussion organised by Polya’s four stages
Walk through the example with students with the animated slide show ST4_Secondary_3a_Algebra.pptx, using the following discussion points as you progress. 
Understand
· Read the problem to the class and help students understand the word problem.
· Encourage students to notice the relationship between the quantities given in the word problem. E.g. Cost of a shirt, bag and blouse.
Plan
· Get students to select suggest bar models to represent the information. Ask students to explain their selection.  (ANS: Comparison model; we are comparing the cost of a shirt, bag and blouse).
· Discuss how these quantities are related and how they can be represented using bar models. 
· How do we represent the cost of the shirt (x) in the bar model? (ANS: We draw a single bar for the shirt and label the length as being $x).
· How do we represent “A bag cost 3 times as much as the shirt” in the bar model? (ANS: Draw a second bar for the bag which is 3 times the length of the shirts bar. This represents $3x in length).
· Which item is more expensive? (ANS: The bag is more expensive).
· How do we represent “A blouse costs $17 less than the bag”? (ANS: Draw a third bar for the blouse, which is shorter than the bar for the bag. This difference in length represents $17).
Do
· [bookmark: _Hlk511289074]Depending upon the confidence of students, work as a whole group or allow time first to work independently.
· Draw the bars and label them to show the differences between the cost of a shirt, bag and blouse. 
· It is important when drawing the bar models, to highlight the common amounts in each bar – in this case, it is easiest to use the cost of a shirt ($x), as it is the amount upon which other prices have been based. 
· Other points to highlight to students, when drawing the model include:
· Sometimes you need more than one bar to solve a problem.
· There is no ‘exactly right’ way of drawing bars – the aim is to draw a model that helps you to solve the problem.
· Labelling with algebraic expressions is a good way to keep track of the links between quantities.
· Constructing the model sometimes needs to be an iterative process, and the initial lengths of the bars need to be adjusted to usefully show the relationships in the problem.
Check
· How do you check your answer? (ANS: By substituting $31 as the cost of a shirt in the problem and the bar model to see if it works).
Consolidating and Concluding
Further practice
Students work through selected tasks from Student Sheet 2 - Bar Model Examples 3B either individually, in pairs or in groups. 
Discuss solutions as time permits. Worked solutions are provided in Teacher Sheet - Bar Model Solutions 3B. Solutions to Task 1 and Task 2 are included in the slide show ST4_Secondary_3a_Algebra.pptx.
Conclusion 
[bookmark: _Hlk511228911]Summarise the learning points for the lesson, asking students to add their own observations:
· [bookmark: _Hlk511228847]Bar models can be labelled using algebraic variables.  Some bar sections have a single variable label, and others are labelled with an expression (such as m – 10).
· Skills such as collecting like terms are useful when labelling bar models.
· The steps for solving an equation can often be explained using a bar model. 
· Using Polya’s four steps of problem solving (Understand, Plan, Do, Check) can help as a structured approach to problem solving.
Ongoing Activities
It is intended that students to continue to use bar models to help in their regular classwork. For example, bar models can be helpful in textbook questions, such as the following. Drawing the bar models can also highlight which word problems have the same structure (e.g. the first two below), and which are different. 
 
Example
Marcus and Sara’s combined age is 30. Given that Sara is 2 years older than Marcus, write an equation and find Marcus’ age.
Sara
Marcus
30
2

Greenwood, D., Humberstone, B., Robinson, J., Goodman, J., Vaughan, J. and Frank, F. Cambridge Essential Mathematics 7 for the Australian Curriculum (2010). Cambridge University Press, Port Melbourne. Chapter 10 – Equations p. 552.

Example
Robert and Fergus shared a bag of Smarties. If Fergus ate 18 more Smarties than Robert did, and there were 66 Smarties in the bag, how many Smarties did Fergus eat?Fergus
Robert
66
18

Pearson Mathematics 8 Student Book (2017). Pearson Australia, Melbourne Vic. Chapter 7 – Linear Equations p. 447.

[image: ]Example
Rahda’s usual hourly wage is $w. She works for 5 hours at this wage and then 3 more hours at an increased wage of $(w + 4).
a Write an expression for the total amount Rahda earns for the 8 hours.
b Rahda earns $104 for the 8 hours. Write and solve an equation to find her usual hourly wage

Greenwood, D., Frank, F., Goodman, J., Humberstone, B., Robinson, J., and Vaughan, J. Cambridge Essential Mathematics 8 for the Australian Curriculum (2012). Cambridge University Press, Port Melbourne. Chapter 7 – Equations and Inequalities p. 412.



[bookmark: _Student_Sheet_1]Student Sheet 1 - Bar Model Examples 3A
[bookmark: Student_A]Example 1$b


Jane had $b. Sally had $30 less than Jane.
How much did Sally have in terms of b?
If the two girls had a total of $70, how much money did Jane have?










Example 2

A shirt cost $x.  
A bag cost 3 times as much as the shirt.  
A blouse cost $17 less than the bag.  
Mary bought a shirt, a bag and a blouse.  
Express total cost in terms of x.
The total cost of a shirt, a bag and a blouse is $200.  What was the cost of a shirt?
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Student Sheet 2 - Bar Model Examples 3B
Draw bar models to represent the situations below and use them to solve the problems.

Task 1
The sum of 2 numbers is 104. The smaller number is m.  The difference between the two numbers is 40. What are the two numbers?




Task 2
Alan has n stickers.  Ben has 45 stickers more than Alan.   Calvin has 20 stickers less than Ben.   The 3 boys have 160 stickers altogether.  How many stickers does Alan have?
[bookmark: Student_B][bookmark: _Student_Sheet_2][bookmark: _Student_Sheet_3][bookmark: _Student_Sheet_4]



Task 3
Becky, Cathy and Donna went shopping. 
Becky spent $a. 
Cathy spent $15 more than Becky while Donna spent $15 more than Cathy. 
Altogether, the three friends spent a total of $171. 
(a) Express Donna’s expenditure in terms of a. 
(b) How much money did Becky spend?





Task 4
Three friends were counting their marbles. 
Samy and Thiga had a total of 168 marbles. 
There was a difference of 32 marbles between them, with Samy having less marbles than Thiga. 
Umar had 17 less marbles than Thiga. 
How many marbles did each of them have?
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Teacher Sheet – Bar Model Solutions 3B
[bookmark: Teacher_A]Task 1
The sum of 2 numbers is 104.  The smaller number is m.  The difference between the 2 numbers is 40. What are the two numbers?
[image: ]
Use the bar model to help build the equation, then solve

m + m + 40 = 104
     2m + 40 = 104
            2m = 104 – 40 
                  = 64
              m = 64 ÷ 2 = 32
The smaller number (m) is 32.

  m + 40 = 32 + 40 = 72
The larger number is 72.


Task 2

Alan has n stickers.  Ben has 45 stickers more than Alan.   Calvin has 20 stickers less than Ben.   The 3 boys have 160 stickers altogether.  How many stickers does Alan have?
[image: ]
Use the bar model to help build the equation, then solve

n + n + n + 45 + (45 – 20) = 160
            3n + 45 + 45 – 20 = 160
                          3n + 70 = 160
                                 3n = 160 – 70 
                                 3n = 90
                                   n = 90 ÷ 3 
                                   n = 30
Alan has 30 stickers. 



Task 3

Becky, Cathy and Donna went shopping. Becky spent $a. Cathy spent $15 more than Becky while Donna spent $15 more than Cathy. Altogether, the three friends spent a total of $171. 

(a) Express Donna’s expenditure in terms of a. Becky
Cathy
Donna
$a
$15
$15
$171
$15
$a
$a


    a + 15 + 15 = a + 30

Donna spent $(a + 30)

(b) How much money did Becky spend? 

Use the bar model to help build the equation, then solve
a + a + a + 15 + 15 + 15 = 171
                        3a + 45 = 171
                               3a = 171 – 45 = 126
                               3a = 126
                                 a = 126 ÷ 3
                                 a = 42

Becky spent $42

Task 4
[bookmark: _GoBack]
Three friends were counting their marbles. Samy and Thiga had a total of 168 marbles. 
There was a difference of 32 marbles between them, with Samy having less marbles than Thiga. 
Umar had 17 less marbles than Thiga. ?
168
p
SaS
32
T
17
U
15
p
p
168

How many marbles did each of them have?

Firstly, define a basic unit and express all of the bars in terms of that unit:
Let p be the number of marbles Samy has.
Thiga has (p + 32) marbles
Umar has (p + 15) marbles)

Use the bar model to help build equations, then solve:
	p + p + 32 = 168
2p = 168 – 32 = 136
p = 136 ÷ 2 = 68
Samy had 68 marbles.
	p + 32 = 68 + 32 = 100
Thiga had 100 marbles.

	p + 15 = 68 + 15 = 83
Umar had 83 marbles.




2

image4.png
b(?)





image5.png
:
.

Sally b-30 30

$70 + $30





image6.png
$b(?)

: $70

sally -.L.

a) Sally had $(b —30)
b) Jane’s money + Sally’s money = 70

Twice Jane’s money = 70 + 30
=100
Jane’s money = 50

So Jane had $50.
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